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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-
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Hadronic Matrix Elements and the Feynman-Hellmann Theorem
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Feynman-Hellmann Theorem 

Relates matrix elements to variation in the spectrum 

Matrix elements on lattice 

Construct analogous derivative to access lattice 
matrix elements
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Method summary 
• time dependent systematics 
• all time sep. for O(10) stat. improv. 
• small time separation for exponential s/n 

improvement 
• calculation cost equivalent to one time separation

Status of gA on the lattice
PNDME collaboration

In the long time limit it the 
derivative of the effective mass is 

R(t) ⇡(t+ 1)gA + constant

@me↵

@�
⇡gA +O(e�Ent)

where (En > E0)

Isovector charges gA = �u ≠ �d
—-decay, gA/gV = 1.2723(23) PDG 2015.

Benchmark quantity sensitive to systematics.
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Summary of published gA results

Collins Lattice16

time dependence from 
traditional method 

ground state highly 
contaminated by 

excited states

published lattice 
results are 

systematically 
lower than exp. 
or have O(10%) 

uncertainty

time dep. demonstrates ground state plateau at 
late time and exponential decay at early time

fit to multiple source/sink combinations improves 
statistics with negligible additional computation


